The problem of structural redesign of plates for static deflection and modal dynamics objectives is formulated and solved by the method of large admissible perturbations. The perturbation approach to redesign is first used to develop response equations for the objective plate design based on its specifications and the baseline plate design. The equations of the objective state are strongly nonlinear implicit expressions of the variable plate thickness. A large admissible perturbations algorithm is developed to solve the plate redesign problem and define the optimal objective state. The latter is reached incrementally with a prediction-correction scheme without repeated finite element analyses. Systematic numerical applications in redesign of a cantilever plate of 216 degrees of freedom are used to investigate the effects of number of extracted modes and redesign variables. It is shown that the large admissible perturbations theory can be used efficiently to redesign plates for multiple specifications that require changes to the baseline design and its response of the order of 100%. 
Nomenclature

Cy
= admixture coefficient for participation of the j th mode to changes in the /th mode E = Young's modulus [k\, [^K\] 2 and modified by Sandstrom and Anderson 3 for redesigning a structure to improve its modal dynamics. Both natural frequency and mode shape improvements were achieved. The meaning of linear here is that differences in redesign variables and response between the initial and the improved structural states are small. Nonlinear perturbation methods 4 " 17 are used to find the objective state for large differences-of the order of 100%-between the two structural states. Perturbation methods calculate the objective state without trial and error or repeated finite element analyses (FEAs) by postprocessing the FEA results of the initial design. Presently, research in nonlinear perturbation methods follows several paths which are summarized in Fig. 1 and outlined hereafter.
The primary goal of nonlinear perturbation methods is to formulate and solve structural analysis and design problems as two-state problems. 15 State SI is the initial known design for which the required finite element analysis has been performed. State S2 is the unknown design which must satisfy certain response requirements. Structural analysis problems that have been formulated and solved by nonlinear perturbation methods and in particular by the large admissible perturbations theory are: finite element (FE) model correlation, 11 "
14 failure point identification, 15 redundancy, 15 and reliability. 18 The nondestructive testing problem has been addressed by linear perturbation methods only. 3 The problem of structural redesign (inverse design) 7 " 10 has been formulated and solved by the large admissible perturbations theory. The problems of target redundancy and target reliability design have been formulated as two-state problems 18 ; however, the corresponding solution algorithm has not been developed as yet.
The third goal of nonlinear perturbation methods is to develop algorithms to achieve State S2 for new response requirements. 19 this goal is pursued by developing large admissible perturbations (LEAP) algorithms which make it possible to redesign a complex structure for differences of the order of 100% in redesign variables and response without repeated FEAs.
The last goal of nonlinear perturbation methods is to redesign more complex structures in terms of number of degrees of freedom, type of finite elements (beam, plate, etc.) , and multiple response objectives.
In redesign, the question of uniqueness arises. In general, redesign goals can be achieved by an infinite number of different structures. Thus, an optimization criterion is needed to select the best redesign. In that respect, structural perturbation methods are related to structural optimization. Gans and Anderson 20 used incremental perturbations to find an optimal turbine blade design. In each increment, a finite element run was performed at the end of the prediction and correction phases. Structural perturbation methods differ from design sensitivity methods 21 " 23 in two ways. First, sensitivity derivatives need not to be computed, and second, the general perturbation equations provide equations for the general response of the objective state S2.
The problem of plate optimization is somewhat related to the plate redesign problem studied in this paper. Several analytical 31 have been developed to produce an optimal plate of variable thickness. Prasad and Haftka 26 minimized the weight of a plate subject to stress and displacement constraints. Good reviews of the plate optimization problem are provided in Refs. 27 and 28. Koski et al. 29 found a Pareto optimum minimizing the weight of a plate subject to stress, displacement, and frequency constraints. Natake 30 used a biquadratic approximation of constraint frequencies with respect to design the variables to avoid iterative solution. Lin and Liu 31 optimized a plate subject to buckling constraints. Sensitivity methods for optimization of plates have been used by Brockman and Lung, 22 and Vanderplaats et al. 23 The basic differences between other techniques and the large admissible perturbations theory are the following: 1) the latter can calculate the objective state S2 for large differences between structural states SI and S2; 2) no repeated FEAs are needed-S2 is produced by postprocessing the FEA results of SI and the required response of state S2\ and 3) the perturbation approach to redesign (PAR) produces equations for required responses of the objective state S2.
In this paper, the problem of structural redesign of plates to achieve modal dynamics and static deflection objectives is studied. The problem is formulated in Sec. II.A using PAR. A LEAP algorithm is developed in Sec. II.B. Several numerical applications for plate redesign are presented in Sec. Ill for single or multiple response objectives. The capability and accuracy of the large admissible perturbations theory to solve the plate redesign problem for large changes and compatible or incompatible requirements is investigated for a variable number of extracted modes and redesign variables. Results show that the new algorithm is far superior to the previous algorithm. 9 The contributions of this paper consist of formulation of the plate redesign problem where the explicit-as well as the implicit-dependence of the general perturbation equations ] on the redesign variables is nonlinear; and development of the corresponding LEAP algorithm for plates.
II. Structural Redesign of Plates
The large admissible perturbations approach to redesign consists of two parts: PAR, the perturbation approach to redesign which formulates the redesign problem as a two-state problem; and LEAP, the large admissible perturbations algorithm which calculates state S2 from its required response and FEA results of state 51 for structural redesign of plates. PAR is described in Sec. II.A, and LEAP in Sec. II.B.
A. Perturbation Approach to Redesign
In this paper, the general perturbation equations for modal dynamics and static deflection redesign of plates are derived and used in numerical applications. In the large admissible perturbations theory which is used in this paper, the A terms in Eqs. (5) (6) (7) (8) (9) (10) are not small and the solution algorithm implements an incremental prediction-correction scheme to deal with those large A terms. Further, a distinct perturbation parameter does not exist any longer. It is more appropriate to consider [A&] and [Am] as perturbation matrices. Accordingly, the term perturbations instead of perturbation is used when appropriate.
Plate Redesign Variables
In plate redesign, there is only one redesign variable per finite element or group of elements, that is the plate thickness t. Changes in stiffness and mass are expressed in terms of plate thickness changes as (12) for /= 1,2,...,«, j = i+ 1,..., n
Equation (14) represents the Rayleigh quotients for co' 2 , / = 1,2, ... , n, that is the n diagonal terms of the counterpart of Eq. (3) for 52. Equations (15) and (16) For static redesign, the general perturbation equations are derived by combining the counterpart of Eq. (4) for state 52 with Eqs. (5) and (7-10): as- (17) where Similarly, [Am] can be expressed as
General Perturbation Equations
In previous work, 9 " 11 the general perturbation equations for redesign requirements in modal dynamics and static deflections have been derived for several different finite elements (see Fig. 1 ). In those cases, the counterparts of Eq. (12) were linear expressions of a e . For plate redesign, the general perturbation equations for modal dynamics are derived by combining the counterpart of Eq. (3) for state S2 (primed quantities) with Eqs. (5) (6) (7) (8) , (12) , and (13):
for i = l,2, ...,«", 7 = 1 + 2, ...,H Equation (17) When certain response characteristics of 52 are defined-natural frequencies, complete or incomplete mode shapes, or static deflections-the general perturbation equations provide the corresponding equations. Those equations depend both explicitly and implicitly on the redesign variables a e . The explicit dependence on (Xg is obviously cubic. The implicit dependence is due to the dependence of the unknown modes {\|/'}/ / = 1, 2,..., n of the objective state on the redesign variables a e . General perturbation equations for stress, critical buckling loads, and buckling modes were derived in Ref. 15 for elements other than plates. Plate redesign for stress and buckling constraints will be pursued in future work. The mathematical problem of redesign for natural frequencies and static deflections is formulated next.
Problem Formulation
Depending on the number of redesign variables a e , the number of state 52 response specifications, and the number of orthogonality conditions used, the problem may be overdetermined or underdetermined. In the former case, the computer code returns a minimum error solution (see Sec. II.B). When the problem is underdetermined, solution is not unique and an optimization criterion is needed. The minimum change criterion 3 given by Eq. (18) is used in our work. 19 Other criteria, such as minimum weight or minimum static strain energy could be used. Then, the plate redesign problem can be cast in the following optimization format: and n a orthogonality constraints [Eqs. (15) and (16) 
When the left-hand sides of Eqs. (19) (20) (21) are replaced by general perturbation equations for the specified response requirements A 00;, Ac|)jy, and AM,-of state 52, the problem becomes strongly nonlinear in the oc/s, both implicitly and explicitly. Thus, a solution algorithm (LEAP) must be developed to find a solution-without trial and error, or repeated FEAs-for large values of A co • , Ac^-, Aty, and the redesign variables oc e 's.
B. Large Admissible Perturbations Algorithm
The LEAP algorithm developed to solve the plate redesign problem addresses and handles the following difficulties:
1) All required response Eqs. (14-17) and admissibility conditions for state S2 depend nonlinearly on the redesign variables Oi e both explicitly and implicitly. Those equations are derived by combining specification Eqs. (19) (20) (21) with the corresponding general perturbation Eqs. (14-17). The admissibility conditions used in the solution process are Eqs. (15) and (16) for which the corresponding natural frequencies have been defined.
2) The set of response objectives provided for S2 is in general incomplete. That is, only a few natural frequencies, some incomplete normal modes, and some static deflections may be provided by a designer. Actually, it is practically impossible for the designer to have complete and nonconflicting response specifications for state S2 because the latter is unknown.
3) State 52 must be calculated by postprocessing FEA results for state 51 and the specified response of state 52 without repeated FEAs, trial and error, or sensitivity analysis.
The LEAP algorithm developed for plate redesign is outlined in Fig. 2 . Its basic features are the following: 1) State 52 is reached incrementally by changing state 51 response in increments no larger than 7%. In each increment, a linear inadmissible prediction and a nonlinear admissible correction are performed.
2) In the prediction phase, the increments of less than 7% are small enough to ensure that small perturbation techniques 1^ produce reasonable though inadmissible results. Only the implicit dependence on oc/s is linearized for modal dynamics. The explicit cubic dependence is too important for plates and is not linearized. The static redesign equations are not linearized either. The prediction phase is described in Sec. II.B.l.
3) In the correction phase, prediction results are used and then corrected to satisfy the complete nonlinear equations for required response and admissibility conditions. This part of the algorithm is described in Sec. II.B.3.
4) The resulting problem-in both the prediction and the correction phase-at each increment is solved by nonlinear optimization if it is underdetermined, or a minimum error algorithm if it is overdetermined. Solvers and computer implementation are described in Sec. II.B.4.
. Inadmissible Predictions
For small increments, a linear perturbation technique decouples the diagonal from the off -diagonal terms of the counterpart of Eq. For plate redesign, Eqs. (24) and (25) become (26) f[*: ,. -cofwfKHy},. ld +a. (27) jCm___RESTRUCT 
The « M static requirement equations defined by Eqs. (17) and (21) are used as they are in their complete nonlinear form.
In the prediction phase in increment i, 1= 1, 2,... , TV, the problem defined in Sec. II.A.4 reduces to the following problem:
subject to n^ frequency requirements (27) , n^ modal requirements defined by Eqs. (20) and (28), n u static requirements (17), and 2p lower and upper bounds on the redesign variables e=l, 2,..,,/ (30) This problem is nonlinear and solution is achieved using the nonlinear optimization code NPSOL 32 implemented in the redesign code. 16 
Cognate Space
At the end of the prediction phase, the admixture coefficients c^, /, j = 1, 2, ... , n r are computed using Eq. (28). Then the normal modes that have not been specified-as per Eq. (20)-are computed using Eq. (26) . Computation of admixture coefficients may consume as much as 80% of the required CPU time in a given increment. Thus, in the first increment, the cognate space for the modes that are being changed is identified. 
Admissible Corrections
At this point we could proceed to the next increment. The error could build up fast, however, unless a new FEA is used to update the modal basis. To avoid repeated FEAs the results of the prediction phase are corrected by satisfying the nonlinear specification equations (14) and (17) and the admissibility conditions (15) and (16) . The specified modes and those predicted by Eq. (26) at the end of the prediction phase are used. Here, the term admissibility must be explained. The orthogonality conditions (15) and (16) have been linearized in the prediction phase to produce the admixture coefficients c tj [Eq. (28) ]. In the correction phase, the complete nonlinear expressions (15) and (16) must be forced so that the modes computed by Eq. (26) correspond to the structure specified at the end of the correction phase by the redesign variables a e . Consequently, the orthogonality conditions determine whether the incremental changes are admissible (real) or not. Summarizing, the problem solved in the correction phase is the following: satisfy the optimization criterion (29) subject to n^ requirements (14), n u requirements (17), and n a admissibility conditions (15) and (16) . The theoretical number n a is given by Eq. (22). In practice, most dominant admissibility conditions are satisfied.
At the end of the correction phase, after the new incremental values of the redesign variables t a e have been computed, Eq. (31) 
Computer Implementation
The LEAP algorithm described earlier is implemented in code, the program for redesign of structures (RESTRUCT) which is presently about 27,000 Fortran 77 commands and postprocesses data produced by MSC/NASTRAN on the University of Michigan main frame computer IBM 9021. Next, several numerical applications are used to demonstrate the ability of the developed LEAP algorithm to produce accurate results for large differences between states SI and 52.
III. Numerical Applications
A rectangular plate of thickness t = 10 mm and side I = 1000 mm, clamped at one edge and free along the other three, subject to a uniform load of 100 MPa is used in all numerical redesign applications in this section (see Fig. 3 ). First, systematic finite element analyses were performed using MSC/NASTRAN to establish a satisfactory FE model. Figure 4 compares the first ten natural frequencies of the cantilever plate as computed using 16, 64, and 256 finite elements. An analytical expression for the first six natural frequencies provides additional data for comparison.
"
35 On the basis of Fig. 4 , it was decided that the 64-element model is accurate enough for the purpose of this work.
Numerous applications were run and the results are summarized in Tables 1-5 . Three different redesign requirements were used in sets of one ( in the redesign algorithm which was computed in previous publications.
17 Tables 1-5 also provide information about the number of redesign variables /?, the number of extracted modes n r , and the number of admissibility constraints n a . Table 6 shows the optimal values of the redesign variables QL e ,e=l 9 2,... 9 p for five different applications with compatible objectives. Table 7 shows similar data for five more applications.
A. Single Redesign Requirements
This is the simplest of all redesign problems. Eight cases are shown in Table 1 and the error is trivial even for changes by a factor of two in either redesign goal co'^/cof or w' max /w max . Higher changes in redesign goals, by a factor of three or more, can be achieved without additional FEAs and with very small prediction error.
B. Two Compatible Redesign Requirements
In Table 2 , redesign applications for two simultaneous requirements co'^/CGj andw^a x /w max are shown. Redesign objectives in this table are labeled compatible; and this term needs clarification. We call compatible redesign goals those that would cause similar changes in a uniform plate. This is by no means a rigorous definition. The following examples are helpful in clarifying the term. Doubling the first natural frequency increases the bending rigidity of the plate; reducing the maximum static deflection by a factor of two has similar effect; such changes are labeled compatible. As a second example, consider doubling the first natural frequency and the maximum deflection. Such redesign objectives are labeled incompatible. In nonuniform plate redesign, as are all the cases in Tables 1-6 , incompatible requirements result in more dramatic changes in the thickness of plate groups. As a third example, consider the case of (cOj 2 /cof = 2.0, w' max /« max = 0.8); even though an analytically compatible change would require w' max /w max = 0.5, the change of (2.0, 0.8) is still labeled compatible.
Twelve cases of compatible redesign requirements are shown in Table 2 . The error is very small even for changes by factor of two in the redesign requirements. By comparing cases 22-1-22-4 and 23-1-23-4 we observe that the error increases as the redesign objective values depart from the ideal uniform plate relation (co'^/cof) X (w' max /w max ) = 1. Comparing cases 11-4, 12-4 and 22-4, we observe that the optimal redesigns are practically identical as shown in Table 6 . Table 4 shows six more cases (41 and 44) of compatible redesign goals in the first and second eigenvalues. Results are significantly more accurate than in the case of incompatible objectives as in cases 42 and 43.
C. Two Incompatible Redesign Requirements
Twelve redesign applications with incompatible redesign objectives are shown in Table 3 . Ten more cases 42, 43 are shown in Table 4 . Table 3 shows that the error increases very fast. This is so because dramatic departure from the uniform plate redesign is required to achieve such highly incompatible changes where (co^2 / fl>i ) X (Xmax/^max) = ^.0. There are two ways in which the redesign results can be improved. In cases 31-6 and 32-6, the incremental changes in redesign goals were reduced from 7 to 4%; this, however, results in small improvement. In cases 31-5 and 32-5, an Table 4 .
D. Three Redesign Objectives
Compatibility is even more difficult to define in this case. The general concept, however, of compatibility defined in Sec. III.B still holds. The tables show sixteen redesign applications with three simultaneous redesign requirements for cOj /cOj , co 2 2 /co 2 > an(^ "max/^max • These requirements could be classified as compatible even though there is significant departure of requirements from analytical compatibility for uniform plate. The accuracy of computations in finding the optimal state S2 without any FEA's is impressive even in case #58-2 where u' m tor of nearly three.
x /w max changes by a fac-
£. Effect of Redesign Variables and Extracted Modes
The accuracy of redesign by large admissible perturbations depends on the number of redesign variables p, the number of extracted modes n r , and the number of admissibility conditions n a which is a function of n r given by Eq. (22) . Increasing the number of redesign variables gives more flexibility to redesign optimiza- tion and in general reduces the prediction error. The first twelve cases in Table 5 show the dependence of the error on the number of redesign variables. The effect of the extracted modes and the number of admissibility conditions is shown in Tables 2 and 3 . In all applications in this paper, it was found that the effect of the mass admissibility conditions was trivial and were eliminated from the redesign process. All stiffness admissibility conditions were used. In general, accuracy is improved by increasing the number of extracted modes and admissibility conditions. There is a limit, however, to the validity of the statement. Specifically, if the number of admissibility conditions is increased to the point of having more equality constraints than redesign variables in the optimization process, then the problem will be overdetermined, and there will be no solution. Table 6 shows the plate redesign variables for five applications with compatible redesign goals. The first four cases show practically identical results. In case 11-4 co'^/cof = 2.0; in case 12-4, W max/ M max = ^'^' i n case ^2-4 the previous two objectives are used simultaneously; in case 55-2, the third redesign requirements co' 2 2 / co 2 = 1.5 is added. In the last case 56-2, the same three simultaneous requirements as in case 55-2 are used; the number of design variables, however, is doubled. Comparison of cases 55-2 and 56-2 shows that the tendency in the redesign is identical. In case 56-2, however, variation of the plate thickness is much smoother as expected. Further, the optimal value of the objective if^la] in case 55-2 is 0.5342; that multiplied by 2, to account for the different number of redesign variables, is larger than the optimal value of £^; \ 6 a] = 0.7482 in case 56-2. Table 7 shows the plate redesign variables for five applications for which the redesign requirements are not ideally compatible.
F. Optimal Redesigns
Closing Remarks
Formulation of the plate redesign problem to achieve modal dynamics and static deflection requirements using the perturbation approach to redesign (PAR), and solution by a large admissible perturbations (LEAP) algorithm, has further established the capability and potential of the large admissible perturbations theory to address and solve two-state problems in structural analysis and design. Implementation of the complete nonlinear expressions of the general perturbation equations for both modal dynamics and static deflection requirements have made predictions by code RESTRUCT nearly exact and have reduced redesign errors drastically. Even in the case of redesign for multiple requirements, the accuracy of the LEAP algorithm improves with the flexibility of the model. Specifically, higher number of degrees of freedom and redesign variables improves the accuracy of the solutions. Accuracy also depends on the number of extracted modes and the number of imposed admissibility conditions. Compatibility of multiple requirements is a very important factor. Incompatibility results in excessive departure (by a factor of two or more) from the original design and reduces the accuracy in redesign solutions. In the extreme case where multiple requirements are conflicting, there is no optimal solution (to minimum change criterion) and a minimum error algorithm is used to solve the problem. The successful development of a LEAP algorithm for plate redesign has made it possible to address in the near future the problem of stiffened plate redesign. The major challenge in that problem is the shifting of the neutral axis during the redesign process.
